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ABSTRACT

In this paper we introduce some new subclasses of strongly close-to-convex
P-valent functions defined by a multiplier operator using the Komatu integral operator

and study their inclusion relationships with the integral preserving properties.

1. INTRODUCTION
Let A(p,n) be the class of functions f (z) of the form

F@=z"+3 gz (pnel) (1.1)

k=p+n

which are analytic and p- valent in the open unit disk U={z:zell,

z | <1}
The generalized Komatu integral operator } ap :A(p,n) — A(p,n) 1s defined for
0>0and c>—p as
ke )= C P T 10g) 7 (1.2)
L)z ¢
now, in terms of f :‘p , we introduce the linear multiplier operator

m,5

J o, Ap.n) = Alp,n)  as follows
JrE)=f) (1.3)
TS O=DE SOl f o=, f @)

m-1,6

JId@=J, J!T @)
for 6>0,c>-p,A>0,and m ] .
If ¥ e A(p,n) is given by (1.1), then
5

Jf@=z"+ Y B, e gz (1.4)

k=p+n

Where
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B, (c,p,ﬂ,é){(cﬂ?)ﬁ (1+i(k —p):| (1.5)
c+k p

for §>0,c>-p,A1>0 ,and m l] .

If f(z) and g(z) are analytic in U , we say that f (z) is subordinate to g(z), written
f <gor f(z)=<g(z),if there exists a Schwarz function w (z) in U such that

f(z) = g(w(2)).

Let § '": .(11,A,B) be the class of functions /e A(p,n) satisfying the condition

| {z(]ﬁ",;,‘f,f(z»' ] 1+ Az

p-n J:i;";;f(z) 1+ Bz

(1.6)

2. Main Results

Lemma 1. Let #(z) be convex univalent in U with #(0)=1 and
Reph(z)+u>0 v,uel). If p(z) is analytic in U with p(0)=1, then

p(Z)JrL(Z)
vp(z)+u

<h(z),(z €U),implies p(z)<h(z), (z €U)

Lemma 2. Let 4(z) be convex univalent in U and w (z) be analytic in U with

Rew (z)>0. If p(z) is analytic in U with p(0)=#(0), then p(z)+w (z)zp'(z) < h(z),
(z €U) implies p(z)=<h(z), (z €V).

Lemma 3. Let p(z) be analytic in U with p(0)=1 and p(z)# 0in U. If there exist

two points > ,~ , €U such that

r r
_Eal zargp(zl)<argp(z)<argp(zz)=5a2 (2.1
for some , (e, >0) and for all( |z|<|z,|=|z,|), then we have
zre)_era), ngzLC) (@re), 2.2)
r(z) 2 p(z,) 2
where
1_‘6.*‘ s T o, —a
m21+;c*‘ and C :ltanz(mJ (2.3)

Proposition 1. Let §>0,c >—p,2>0, mell and h(z) be convex univalent in U

with #(0)=1 and Reh(z)>0. If a function f (z) e A(p,n) satisfies the condition
m,é'fL '
Bk [Jc,p,;j“f (z )]

PR gl @)

-n|<hz), (0<y<1;z €U), then



L[z @)

m,o

p—-n Jcp/(z)

—-n|<h(z), (0<np<lz eU).

Proof:
Let

d(z)= ! [Z (JL”I}';f(Z))'n] (2.4)
p—-n

JI @)

where d (z) is analytic function in U

1 | C+n ., '"f(Z) cJf () 77}

p-n

d(z)=

JC )

1
p-n

€+ J 15 @) e
C,,,,;f(z

- +
cz"+pz’+ Y az' e p2m1(1+(k_17) )
N ( 1) .
P e o+ ! )
20 S 1 -p)) a2
Y p
then d(0)=1
From (2.4)
TR G V1 ) 2.5)

J c.p,;f )
Take the logarithm to both sides
In((p —m)d +c+m)=In(c+p)J " '"f (z)-Inj ,f ()
Differentiating both sides with respect to z and multlply both sides by z
Z(p-n)d () :ZUZ,}(ZI’LJ’(Z ))'_chm,;/ @) (2.6)
(pmdG)vern proneey JISE)
Dividing both sides by p —n

zd '(z) rd()= 1 (Jp;f(z)), )
(p—md(z)+c+n p- 77 J" 4f(z)

(2.7)

By using lemma (1) , it follows that d(z)<4(z),(z € U), then
L [=Unre)
Pl JI S @

Proposition 2. Let 4(z) be a convex univalent in U with 2(0)=1 and Re(h(z))>0.
If a function f (z) e A(p,n) satisfies the condition

n}h(z)



1 {Z(Jc,p,[(z)) n]_<h(z), (0<n<lz eU), then

ponl JUfE)
1 Z(J;’Z"L‘f(z)) —n |<h(z), (0<p<lzeU),
p=n J.,Ld @)
where [ (f) is the integral operator defined by
LH=Ls& =L @ar, 020) (2.8)
z 0
Proof:
f@E)=z"+ iakzk(p,ne[)
Then
L.fG)= (g”)dt“z"dﬁh 3 '
LSo=Goz" Y az' G 2.9)
Now
s (c+p) p)
z Yel
ki,L./G)= o) j (log )Lgf(m
(C P) 51 041 9 O+1 % o Z 5.1
o)y [j (log ) p)t df+k§+nak(0+k)£t (log7) ¢
then
s 0+1 0+1 CHP . s
k(.,,,Lff(z)=0+p k; (9+k)( ) a.z' (2.10)
and
, 0+1 e 0+1 Ct+p. s
kLS GV =pg—z A;%ﬂ )Y akz"
then

JO LS @E=0-Df " (L, >)+%Z(k S L@

s t9+1 n
JoALS =g 20 Y <§j;>(c 5{’ ) 2k =p
By induction
s 9+1 0+1 c+p
LS @)= — I+—(k — i
s =g 2 S C )[ < )\

2.11)

and
m,0

zJ LS =@+ f()=0] " L f )



Let

m,o

L 2L
d(z)= (——5 -
p=n J. L@
where d(z) is analytic function in U, with d(0)=1

Now

), (z eU) (2.12)

m,0

2(J o L S @)

J:n:ALBf(Z)
(=) +n+0=@+1)—Leed )
Jc,p,ALgf(Z)

Differentiating logarithmically with respect to z and multiply by =

z(p-n)d(z) zJf @)
-n)d — ;
9+U+(P—md@)+ﬁp nd +n] Jﬁif@)

Dividing both sides by (p —7) and add and subtract -

p—-n
2d'(z) 1 2J )

d(z)= -nl, zeU
9+n+urﬂﬂd@)+ © p—n[ Jf @) LS

Therefore by lemma (1) , we obtain

(p—md(z)+n=

zd '(z)

d(z)+
ctn+(p—md(z)

<h(z)
Then
12U LS

N e A RS
N A )

m,5
c,p,A

Corollary 1. If /(z)e§ """ (7,A,B), then J (), where [ (1)

is the integral operator defined by (2.8).
Proof:
.. 1+ Az
In proposition (2) , take h(z)=———, then
1+ Bz
1 [z(.];’ij,;ﬂz))'_’7 LA
p-1n J:ﬂ,,f;f(z) 1+Bz
1 Z(Jf’,;,Z(Lf(z)))'_n LAz
P JI AL @) I+Bz
Proposition 3. let /(z) be convex univalent in U with 4£(0)=1 and Re(/#(z))>0.
If a function f (z ) € A(p,n) satisfies the condition




=meLse)
PN gL @)

-n|<h(z), (0<n<lz el)

Then
! Z(J;"ﬁ’”LJ(Z)) —n|<h(iz) , (0<p<lz eU)
p=nl J.,.LJE)
Where [, () is the integral operator defined by (2.8).
Proof:
JI L@ =) L f =] LS )
Let

d()= 1 (ZU’:Z’;JLJ(Z))
P Jo, L @)
Where d (z) is analytic function in U, with d(0)=1

Now

-1) ,(z €U) (2.14)

2J LS @)
JI LS @)
Differentiating logarithmically with respect to z and multiply by z
2p-md'c) UL LS 2L E)
et pmd@) L) JLULS )
n
p—-n
MG ey u(L QU
c+n+(p-md(z) p=n JUNL (@)
Therefore by lemma (1), we obtain

d(z)+

(p—md(z)+n=

Dividing both sides by (p —#) and add and subtract

zd'(z)
c+n+(p—md(z)

<h(z)
Then

1 [zuj’,,;Z(L/(z '
p=n J"(LJ @)
Theorem 1. Let /' (z)eA(p,n) and 0< 5, 5,<1,0<y<1,1f

d(z)= n=<h(z)

m,o—L+
s z(J, f @) T
—551<afg(—m1§i -N<38,
Jc,p,lmg(z)
for some g(z)e§"” (n.A.B), then
m,o
T ZU ’;f(z ) T
-~ <Y ——E———y)<—
zal g Jv’jlg(z) ZaZ

, where o o (0<a,a, <1), are the solutions of the equations :



(al+a2)(1—k‘*‘)cos%tl forB# -1

5~ = S oA

o +77+c)(1+}c”“)+(0[1+0[2)(1—}C”‘)singt1 (2.15)
a, forB=-1
and
- (ot )-c Peos Tt forB -1
et e i Ay : o7 216
0,= ™ 2(?“7“)(”}0 ‘)+(al+a2)(1—k ‘)sinal‘l (2.16)
a, forB=-1
where C” is given by (2.3) and
£,=2sin” w-md-B) 2.17)
"o (p-m(1-AB)+(n+c)1-B")
Proof
Let
d)=—— YL Oy
r-rv J. &)
Now
2(JI @Y =+ T @)= " f (2)
and

m,0—

(p=-NdE)+NJ " @)=z (J f @) =C+p) J ! nf )= J " f ()
Differentiating both sides with respect to z and multiply by z
z(p-p)d ()] 2@ +z[(p-ndE)+1(J " @) (2.18)

e T Y=z f @)

Let
12" gk
()= -7, (z €U)
R J.g@)
Then
(p—-mg+n= ‘ (t];”:;g(z ) _ (c +p)Ji]'i;Eg(z)_c
J ) J! &)
Cc+p) ] " g ()
(p—mq+n+c= O 2.19
J!ei) (2.19)

From (2.18) and (2.19)

2(p-pd'C)J! g@)+z[(p -y @)+ (T " &)
e PN J T @z f @)
Dividing both sides by (p—7)J " 2(z)



e UL (popae) ke

(-7 +7]
di@)+ =), :
A e P G e e —
cerp) T @)

[(p—p)d +7]
d’ 8F 7 T (p - =
zd (z)+ o—7) ((p =1 +1+¢) =N ) )

Dividing both sides by [(p —7)g +1+c]

m,§fi ,
2d () 1z e ;
L S - : _
(p—-m)q+n+c (-7 J:’p‘;;;g(z)
While , by using the result of Silverman and Silvia [11], we have
_1-AB|_(A-B) .
‘q(z) 5’ <—1—BZ ,(z eUB=-1) (2.20)
and
1-A
Re{q(z)}>7, (z eU;B=-1) (2.21)
Then from (2.20) and (2.21), we obtain
inp
(p—mq +n+c=pe?
Where
(p=m1-A) (p=m1+A)
(I—B) +n+c<p< (1+B) +n+c
—, <9<t JorB#—1

Where ¢, is given by (2.17), and

(p—nm1-4A)
2

+n+c<p<wx

—1<¢<l1 for B=-1

Here we note that d(z) is analytic in U with d(0)=1 and Re(d(z))>0 in U, by
1

(p—mq+n+c

Here d(z)#0 in U. If there exist two points 7 ,~ , € U such that the condition

(2.1) 1s satisfied , then( by lemma 3) , we obtain (2.2) under the restriction (2.3). At
first , for the case B=—1, we obtain:

applying the assumption and lemma (2) with w(z)=

(a+ )=l eosTy,

1a”(Z 1) V4 »
arg(d (7 )+Z—)£_*0{ n
Cp-ma(z )rnre T 22 (P -m1+A) : 7
VA 2( (1+B) +77+c)(1+‘c ‘)Jr(aﬁraz)(l ‘C ‘)smzt1
T
:_Eé‘l

and



| (@, a0l peos”y, s
%)Zgaﬁtan" TR ara: k" 2! _ _ 252
poiaiz e w-md+A) N %

z 2( (1+B) +77+c)(1+k‘ \)+(a1+az)(l k‘ ‘)smztl

Where we have used inequality (2.3), and §,.5,, ¢, are given by (2.15) , (2.16) and

(2.17) , respectively .
Similarly , for the case B=-1, we obtain

arg(d (Z 2) +

zA'z) ™
T T e T 2
and
z Az ) > o
(p-mq(z )+n+c 272
These are contradiction to the assumption of theorem (1) , this completes the proof of
theorem (1) .

arg(d(z )+

Corollary2. Let f (z)e A(p,n) , if

(] @) .
(—FH——-)|<Zs
‘arg I 22 v 5
Then
z(]/( z))' ,r
(——— <%
‘ arg [ —y)|<5a
where
1,6-1 k 1+
Ir@=Jire=z" Yaz'( p) (222)
Proof:

In theorem (1) , if we take m =1,c =1,4=0, §=6,=6 and o, =, =

1+
Iremsire-z" Zaz'( p)
then
Irey | o«
(L= p<Zs
‘ag ] 2 (2) Y 5
and
z(]pf(z))' 2
(———-p)|<=
‘ag [ ]2

Theorem 2. Let f(z)eA(p,n)and 0<§5,5,<1L0<y<1,if



. z(J"f @) x
- 1<arg(+—;/)<— 5
20 J. &) 20

m,o

for some g(z)e§ o .AB), then

m,o f
T z (q.]c P Z.L ﬁf (Z )) T
S o <A “N<S A
2 I Jc,::Z.L Qg(z) 2 ’
where [ (7) is defined by (2.8), &, o, (0<a,, <1) is the solutions of the equations
(@, +a )1~ *)Cosztz forB=-1
o G-+ A) - L’ by T (2.23)
o= ™ 2(T+;7+9)(1+‘c ‘)+(al+a2)(17k ‘)sinztz
a, forB=-1
and
(o, ta)1- *)cosﬁtz JorB=—1
0.= 0‘2%”‘“71( -1+ A) k | : 7 (2.24)
2 2(?+q+9)(1+}c b”aﬁaz)(l—k ‘)smztz
a., forB=-1
where C” is given by (2.3) and
£,=2sin( (b —n)XA-B) (2.25)

7 (p-n(1-AB)+(n+0)(1-B

Proof:

Let

dy=— el I E
p _7 Jc,p,lL gg(Z)

7,

since g(z)eS " (7.A,B), then by corollary (1), 1, (¢)eS " (7.A,B), then

m,0

[(p —7/)61(2)+71]:;5,4(L LEN=z(J _ (L J@))
From proposition (2)
2J LS @ =@ [ @O L @)
(=M +J " L gEN=O+0] " £ —=0] " L f @)
Differentiating both sides with respect to z

=P+ J "L N+ =-nd '@ J " L g =00 rey-oJ " L

Dividing both sides by (J '"; .L ,£()) and multiply both sides by z , then



J" L 2E)

Vo rey o CLJEY

z((p=7)d +y) +(p=y)zd'(z)=z(0+1)

JL &G JILgE T J L gE)
Let
EVA )
q(z)= s -7
P J.,.L&E)
Then
OANEC)
(P~ +1)@(p - +n+0)+(p—p)zd '(z) =z (O + 1)~ 25—
JC,p,/T.L Gg(Z)

Now dividing both sides by (p —y)

@+ —La(p =y + 0+ zd ey = 20D ({;,p,[(z))
(b= (=1 JILL 2

Dividing both sides by (g(p 1) +71+6)

2d(z) L z (6+1)(J m:[ @)

d(z = i _
( )+(q(p—77)+77+0) (r-7) (q(p—n)+77+0)‘]:n:ll;gg(z) 7]

zd '(z) 1 Z (J:n:[ (z ))'_

d(z)+ = s
@p-m+n+0) (p-r) J'"g(z)

7]

Then from (2.20) and (2.21) , we obtain

imp

(p-mg+n+6=pe?

where

(p—md-A) (p—md+A)
{ (1-B) +n+0<p< (1+B) +n+6 }

—1,<9<¢, for B=—1

where ¢, is given by (2.25), and

{W+n+e<p<o@
—1<g<1 for B=-1

Here, we note that d (z) is analytic in U with d(0)=11in U, by applying the

1
(p—-mq+n+06

Hence d (z) # 0in U. If there exist two points z,,z, € U, such that the condition (2.1)

assumption and lemma (2) with w(z) =

is satisfied then ( by lemma 3) , we obtain (2.2) under the restriction(2.3).

At first, for the case B=-1



(051 +az)(17k*‘)cosgt 2

1

Zld'(Z 1) )<—£al—tan’
2 2

(P-ma(z )+n+6"

weldiz )+ =)+ A)

(1+B) +’7+9)(1+‘C*‘)+(0[|+a2)(1—‘c*‘)sin%t2

T
=_E51

and

(051+052)(1‘k*‘)°"s%t 2

(p-ml+A) . _—
Z(TB)JH]+9)(1+}C ‘)+(6¥1+a2)(1—k ‘)smzt2

y4 2d '(Z z)
(p-mq(z )+n+6

T _
arg(d(z )+ )Zzazﬂan !

T
- 552
Where we have used the inequality (2.3), and 5, f, are given by (2.15),(2.16)

and (2.25) , respectively.

Similarly , for the case B=-1 , we obtain

zd'(z) <%,
(p-mq(z )+n+0" 27!

argd(z )+

and

sz'(Z 2) )>£
(p-ma(z yrn+o 2%

argd (z 2) +
These are contradiction to the assumption of theorem (2) .

This completes the proof of theorem (2).

Corollary3. Let f(z)eA(p,n)and 0<5<1,0<y<1.If

5

2(J" f @) 7
arg(—o et T )< T
‘ J" @) 2
For someg(z)eS§ """ (7,A,B)
Then
el L /Y|
J L g 2

where [ ,(f) is defined by (2.8), and (0<a <1) is the solution of the equation



OCCOS%Z'Z forB#-—1

2.
o+=tan
o= 7" A
1+B
a for B=-1

+77+<9)+asin%t2

where ¢, is given by (2.25)

Proof:

Take 6,=6,=6 and ¢, =a, =« in theorem(2)

m,o f
arg o V' 75
J., &) 2
, for some g(z)e§"” (n.A.B), then
:J LS | oz
arg(——,% -N|<=
Jor L g@) 2
where
5 acos%l‘z for B#—1
a+—tan"'(
8= s (p—m1+A) T
(71+B +77+t9)+as1n21‘z
a for B=-1
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