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 ABSTRACT  

In this paper we introduce some new subclasses of strongly close-to-convex 

P-valent functions defined by a multiplier operator using the Komatu integral operator 

and study their inclusion relationships with the integral preserving properties. 

 

1. INTRODUCTION 

 Let  ,p n  be the class of functions ( )f z  of the form 

( )
p k

k
k p n

f z az z


 

   , ( , )p n                                        (1.1) 

which are analytic and p- valent in the open unit disk  U = {z : z , < 1}z  

The generalized Komatu integral operator 
,

: ( , ) ( , )
c p

p n p nk


   is defined for 

> 0  and >c p  as  
1

1
,

0

( )
( ) ( )(log )

( )

z
c

c p c

c p z
f z f t dtt

tz

 








 


                           (1.2) 

now, in terms of 
,c pk


, we introduce the linear multiplier operator 

,

, ,
: ( , ) ( , )

m

c p
p n p nJ




    as follows 

                                              
0,0

, ,
( ) ( )

c p
f z f zJ 

                                                          (1.3) 

1,

, ,, , , ,
( ) (1 ) ( ) ( ( )) ' ( )

c p c pc p c p

z
f z f z f z f z

p
J Jk k

  

 


     

  
, 1,

, , , , , ,
( ) ( ( ))

m m

c p c p c p
f z f zJ J J

  

  


  

for > 0, > , 0c p   , and m . 

If ( , )f p n  is given by (1.1), then 

,

,, ,
( ) ( , , , )

m p k

k mc p k
k p n

f z B c pJ az z



 



 

                                   (1.4) 

Where  
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, ( , , , ) ( ) (1 ( )

m

k mB c p
c p

k p
c k p


 



 

   
                               (1.5) 

for > 0, > , 0c p    , and m . 

If ( )f z  and ( )g z  are analytic in U  , we say that ( )f z  is subordinate to ( )g z , written 

f g or ( ) ( )f z g z ,if there exists a Schwarz function ( )w z  in U  such that 

f(z) = g(w(z)) . 

Let 
,

, ,
( , , )

m

c pS



    be the class of functions ( , )f p n  satisfying the condition 

,

, ,

,

, ,

( ( )) '1 1

1( )

m

c p

m

c p

z f z z

p zf z

J

J












    
  
 

                                            (1.6) 

 

2. Main Results 

 

Lemma 1.  Let ( )h z  be convex univalent in U with (0) 1h   and 

Re{ ( ) } > 0vh z  ( , )v  . If ( )p z  is analytic in U with (0) 1p  , then 

'( )
( ) ( )

( )

zp z
p z h z

vp z 



 , ( U)z  , implies  ( ) ( )p z h z , ( U)z   

Lemma 2.  Let ( )h z  be convex univalent in U and ( )w z  be analytic in U with 

Re ( ) 0w z  . If ( )p z  is analytic in U with (0) (0)p h , then ( ) ( ) '( ) ( )p z w z zp z h z  , 

( U)z   implies ( ) ( )p z h z , ( U)z  . 

Lemma 3.  Let ( )p z  be analytic in U with (0) 1p   and ( ) 0p z  in U. If there exist 

two points 
1 2
, Uz z   such that 

1 1 2 2arg ( ) < arg ( ) < arg ( )
2 2

p z p z p z
 
                           (2.1) 

for some
1 2
,   

1 2( , 0)    and for all( 
1 2z z z  ), then we have 

1 1 21

1

'( ) ( )

( ) 2

p z
i m

p z

z  
   and 

2 1 22

2

'( ) ( )

( ) 2

p z
i m

p z

z  
            (2.2) 

where 

 

*

*

1

1
m

c

c





  and  

* 2 1

2 1

tan
4

ic
 

 

 
  

 
                              (2.3) 

Proposition 1. Let 0, , 0c p     , m  and ( )h z  be convex univalent in  U 

with (0) 1h   and ( ) 0Re h z  . If a function ( ) ( , )f z p n  satisfies the condition 

1
,

, ,

1
,

, ,

( ) '
1

( )

( )

m
m

c p

m
m

c p

z f z

h z
p

f z

J

J
















  
  
  

  
 
 

 ,  (0 1; U)z   , then 
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 ,

, ,

,

, ,

( ) '1
( )

( )

m

c p

m

c p

z f z
h z

p f z

J

J












 
 
   
 

 ,  (0 1; U)z   . 

 

Proof: 

Let    

     
 ,

, ,

,

, ,

( ) '1
( )

( )

m

c p

m

c p

z f z
d z

p f z

J

J












 
  
   
 

                                             (2.4) 

where ( )d z  is analytic function in  U 
1

, ,

, , , ,

,

, ,

( ) ( ) ( )1
( )

( )

m m
m

c p c p

m

c p

c p f z c f z
d z

p f z

J J

J

 

 








 
  

    
 

 

1
,

, ,

,

, ,

( ) ( )1

( )

m
m

c p

m

c p

c p f z
c

p f z

J

J












 
 

     
 

 

1

1

( )
(1 ( ) )

( )

[ (1 ( ))]( )

m

p p k

mk
k p n

m

p k

k
k p n

c p

c
p

c p
k paz z z

pc k

c p
k p az z

pc k






 








 



 

 
 

  
 

   
  

 
 
 


 




 



 

then  (0) 1d   

 From (2.4) 

 

1
,

, ,

,

, ,

( ) ( )
( ) ( )

( )

m
m

c p

m

c p

c p f z
p d z c

f z

J

J









 




                                            (2.5) 

Take the logarithm to both sides 
1

, ,

, , , ,
ln(( ) ) ln( ) ( ) ln ( )

m m
m

c p c p
p d c c p f z f zJ J

 

 
 


       

Differentiating both sides with respect to z and  multiply both sides by z  
1

, ,

, , , ,

1 ,
,

, ,
, ,

( ( )) ' ( ( )) '( ) '( )

( ) ( ) ( )( )

m m
m

c p c p

m
m

m c p
c p

z f z z f zz p d z

p d z c f zf z

J J

JJ

 

 









 






 

  
                      (2.6) 

Dividing both sides by p   
1

,

, ,

1
,

, ,

( ( )) ''( ) 1
( ) [ ]

( ) ( )
( )

m
m

c p

m
m

c p

z f zzd z
d z

p d z c p
f z

J

J










  





  
   

                     (2.7) 

By using lemma (1)  , it follows that ( ) ( ),( U)d z h z z  , then  

 ,

, ,

,

, ,

( ) '1
( )

( )

m

c p

m

c p

z f z
h z

p f z

J

J












 
 
   
 

  

Proposition 2. Let ( )h z  be a convex univalent in U with (0) 1h   and Re( ( )) 0h z  . 

If a  function ( ) ( , )f z p n  satisfies the condition  
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 ,

, ,

,

, ,

( ) '1
( )

( )

m

c p

m

c p

z f z
h z

p f z

J

J












 
 
   
 

 ,   (0 1; U)z   , then 

 ,

, ,

,

, ,

( ) '1
( )

( )

m

c p

m

c p

z f z
h z

p f z

J L

J L












 
 
   
 

 ,   (0 1; U)z   , 

where ( )fL 
 is the integral operator defined by 

1

0

( 1)
( ) ( ) ( ) ,

z

f f z f t dttL L
z



 

 
    ( 0)                             (2.8) 

Proof: 

( )
p k

k
k p n

f z az z


 

   ( , )p n  

Then  

1 1

0 0

( 1)
( ) [ . ]

z z
p k

k
k p n

f z dt dtt t t a tL
z

 



 
 

 


     

1 1
( ) ( ) ( )

p k

k
k p n

f z
p k

aL z z

 

 



 

 
 

 
                                  (2.9) 

Now   
1

1

,

0

( ) ( )
( )

( )
(log )

z
c

cc p
f z f t dt

zc p
tk L L

z t





 










  

1 1

0 0

1 11 1
[ ( ) ( )

( )

( )
(log ) (log )

z z
c p c k

c k
k p n

dt dt
p k

z zc p
t t a t t

z t t



  

 


 

 

  
 

 


   

then 

,

1
( ) ( )

1
( )

k

c p k
k p n

p
f z

k

c p
z ak L z
p c k





 









 


 



 


 
                 (2.10) 

and 

1 1

,

1 1
( ( )) ' ( )( )

p k

c p k
k p n

f z p k
p k

c p
ak L z z

c k





  

 


 

 

 
 

 





 

 then 
1,

, ,, ,
( ( )) (1 ) ( ( )) ( ( )) '

c p c pc p

z
f z f z f z

p
J L k L k L

  

  


    

1,

, ,

1
( ( )) ( ) [1 ( )]

1
( )

k

c p k
k p n

p
f z k p

k p

c p
zJ aL z
p c k





 









 


   



 


 
 

By induction 

 

,

, ,
( ( ))

1 1
( )( [1 ( )])( )

m k

c p k
k p n

p m
f z

c p
z k pJ aL z
p k pc k





  

 



 

 
  

 
  

             

(2.11) 

and 
, , ,

, , , , , ,
( ( )) ' ( 1) ( ) ( )

m m m

c p c p c p
z f z f z f zJ J JL L

  

   
     
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Let 
,

, ,

,

, ,

( ( )) '1
( ) ( )

( )

m

c p

m

c p

z f z
d z

p f z

J L

J L












 


, ( U)z                                         (2.12) 

where ( )d z  is analytic function in U, with (0) 1d   

Now 
,

, ,

,

, ,

( ( )) '
( ) ( )

( )

m

c p

m

c p

z f z
p d z

f z

J L

J L









    , 

,

, ,

,

, ,

( )
( ) ( ) ( 1)

( )

m

c p

m

c p

f z
p d z

f z

J

J L









         

Differentiating logarithmically with respect to z  and multiply by z  
,

, ,

,

, ,

( ( )) '( ) '( )
[( ) ]

( ) ( ) ( )

m

c p

m

c p

z f zz p d z
p d

p d z f z

J

J










 

  


   

  
 

Dividing both sides by ( )p   and add and subtract  
p




 

,

, ,

,

, ,

( ( ( )) ''( ) 1
( ) [ ]

( ) ( ) ( )

m

c p

m

c p

z f zzd z
d z

p d z p f z

J

J










   

  
   

, Uz   

Therefore by lemma (1) , we obtain 

'( )
( ) ( )

( ) ( )

zd z
d z h z

c p d z 


  
  

Then  

 
,

, ,

,

, ,

( ( ( ))) '1
( ) [ ] ( )

( ( ))

m

c p

m

c p

z f z
d z h z

p f z

J L

J L












 


  

 

 

 

Corollary 1. If 
,

, ,
( ) ( , , )

m

c p
f z S




   , then ( )fL 

, where ( )fL 
 

     is the integral operator defined by (2.8). 

Proof: 

  In proposition (2) , take 
1

( )
1

z
h z

z

 


 
, then  

,

, ,

,

, ,

( ( )) '1 1
[ ]

1( )

m

c p

m

c p

z f z z

p zf z

J

J












 


 
  

,

, ,

,

, ,

( ( ( ))) '1 1
[ ]

1( ( ))

m

c p

m

c p

z f z z

p zf z

J L

J L












 


 
  

Proposition 3. let ( )h z  be convex univalent in U  with (0) 1h   and Re( ( )) > 0h z . 

If a function ( ) ( , )f z p n  satisfies the condition  
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1
,

, ,

1
,

, ,

( ) '
1

( )

( )

m
m

c p

m
m

c p

z f z

h z
p

f z

J L

J L
















  
  
  

  
 
 

  ,  (0 <1; U)z   

Then 

 ,

, ,

,

, ,

( ) '1
( )

( )

m

c p

m

c p

z f z
h z

p f z

J L

J L












 
 
   
 

    , (0 <1; U)z   

Where ( )fL 
 is the integral operator defined by (2.8). 

Proof: 
1

, , ,

, , , , , ,
( ( )) ' ( ) ( ) ( )

m m m
m

c p c p c p
z f z c p f z c f zJ J JL L L

  

    


    

Let 
,

, ,

,

, ,

( ( )) '1
( ) ( )

( )

m

c p

m

c p

z f z
d z

p f z

J L

J L












 


  , ( U)z                            (2.14) 

Where ( )d z  is analytic function in U , with (0) 1d   

Now  
,

, ,

,

, ,

( ( )) '
( ) ( )

( )

m

c p

m

c p

z f z
p d z

f z

J L

J L









     

Differentiating logarithmically with respect to z  and multiply by z  
1

1

, ,

, , , ,

,,

, ,, ,

( ( ( ))) ' ( ( ( ))) '( ) '( )

( ) ( ) ( ( ))( ( ))

m

m

m m

c p c p

mm

c pc p

z f z z f zz p d z

c p d z f zf z

J JL L

J LJ L

 

  







 






 

  
 

Dividing both sides by ( )p   and add and subtract 
p




 

1

1

,

, ,

,

, ,

( ( ( ))) ''( ) 1
( ) [ ]

( ) ( ) ( ( ))

m

m

m

c p

m

c p

z f zzd z
d z

c p d z p f z

J L

J L










  




  

   
 

Therefore by lemma (1), we obtain  
'( )

( ) ( )
( ) ( )

zd z
d z h z

c p d z 


  
  

Then 
,

, ,

,

, ,

( ( ( ))) '1
( ) [ ] ( )

( ( ))

m

c p

m

c p

z f z
d z h z

p f z

J L

J L












 


  

Theorem 1. Let ( ) ( , )f z p n  and 
1 2

0 , 1, 0 1     , if  

 
1

1

,

, ,

1 2,

, ,

( ( )) '
arg( )

2 2( )

m

m

m

c p

m

c p

z f z

g z

J

J









 
 




     

 for some 
,

, ,
( ) ( , , )

m

c p
g z S




   , then 

,

, ,

,1 2

, ,

( ( )) '
arg( )

2 2( )

m

c p

m

c p

z f z

g z

J

J









 
      

, where 
1 2,  1 2(0 , 1)   , are the solutions of the equations : 
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*

1 2 1
1

1
* *

1
1 2 1

1

1( )(1 )cos
2 2tan (

( )(1 ) (2.15)2( )(1 ) ( )(1 )sin
1 2

1

for

p
c

for

c t

c c t



  

 


  





                
 
    

 

and 

*

1 2 1
1

2
* *

2
1 2 1

2

1( )(1 )cos
2 2tan (

( )(1 ) (2.16)2( )(1 ) ( )(1 )sin
1 2

1

for

p
c

for

c t

c c t



  

 


  





                
 
    

 

where  *C  is given by (2.3) and 

1

21

2 ( )(1 )
sin

( )(1 ) ( )(1 )

p

p c B
t



  

   
  

     
                            (2.17) 

 

 

Proof 

 

Let 
,

, ,

,

, ,

( ( )) '1
( ) ( )

( )

m

c p

m

c p

z f z
d z

p g z

J

J












 


, ( U)z   

Now 
1

, , ,

, , , , , ,
     ( ( )) ' ( ) ( ) ( )

m m m
m

c p c p c p
z f z c p f z c f zJ J J

  

  


    

and 
1

, , , ,

, , , , , , , ,
(( ) ( ) ) ( ) ( ( )) ' ( ) ( ) ( )

m m m m
m

c p c p c p c p
p d z g z z f z c p f z c f zJ J J J

   

   
 


       

Differentiating both sides with respect to z  and multiply by z  
, ,

, , , ,

1
, ,

, , , ,

( ) '( ) ( ) [( ) ( ) ]( ( )) '

( )( ( )) ' ( ( )) '

m m

c p c p

m m
m

c p c p

z p d z g z z p d z g z

z c p f z zc f z

J J

J J

 

 

 

 

  



   

  

                       (2.18) 

 

Let  
,

, ,

,

, ,

( ( )) '1
( ) ( )

( )

m

c p

m

c p

z g z
q z

p g z

J

J












 


, ( U)z   

Then 
1

, ,

, , , ,

, ,

, , , ,

( ( )) ' ( ) ( )
( )

( ) ( )

m m
m

c p c p

m m

c p c p

z g z c p g z
p q c

g z g z

J J

J J

 

 

 

 

 




      

1
,

, ,

,

, ,

( ) ( )
( )

( )

m
m

c p

m

c p

c p g z
p q c

g z

J

J









 




                                     (2.19) 

From (2.18) and (2.19) 

 
, ,

, , , ,

1
, ,

, , , ,

( ) '( ) ( ) [( ) ( ) ]( ( )) '

( )( ( )) ' ( ( )) '

m m

c p c p

m m
m

c p c p

z p d z g z z p d z g z

z c p f z zc f z

J J

J J

 

 

 

 

  



   

  

 

Dividing both sides by 
,

, ,
( ) ( )

m

c p
p g zJ




  
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1
,

, ,

,

, ,

( )) '[( ) ] ( ) [( ) ( ) ]
'( ) (( ) )

( ) ( ) ( )( )

(
m

m

c p

m

c p

f zp d z c p p d z c
zd z p q

p p pg z

J

J









   
 

  



    
    

  
 

1
,

, ,

,

, ,

( )) '[( ) ] ( )
'( ) (( ) )

( ) ( ) ( )

(
m

m

c p

m

c p

f zp d z c p
zd z p q c

p p g z

J

J









 
 

 



  
    

 
 

Dividing both sides by [( ) ]p q c     

 
1

,

, ,

1
,

, ,

( )) ''( ) 1
( ) [ ]

( ) ( )
( )

(
m

m

c p

m
m

c p

f zzd z
d z

p q c p
g z

z J

J










  





  
   

 

While , by using the result of  Silverman and Silvia [11] , we have 

2 2

1 ( )
( )

1 1
q z

B B

 
 

 
, ( U; 1)z                                   (2.20) 

and  
1

Re{ ( )}
2

q z


 ,    ( U; 1)z                                     (2.21) 

Then from (2.20) and (2.21), we obtain 

 

2( )
i

p q c e


       

Where 

1 1

( )(1 ) ( )(1 )
< <

(1 ) (1 )

< 1<

p p
c c

fort t

 
  



    
      

    

 

Where 
1t  is given by (2.17), and  

 

 

( )(1 )
< <

2

1 < < 1 1

p
c

for


 



 
   

 
     

 

 

Here we note that ( )d z  is analytic in U  with d(0) =1  and Re( ( )) > 0d z  in U , by 

applying the assumption and lemma (2) with 
1

w(z) =
( )p q c   

. 

Here ( ) 0d z   in U . If there exist two points 
1 2
, Uz z   such that the condition 

(2.1) is satisfied , then( by lemma 3) , we obtain (2.2) under the restriction (2.3). At 

first , for the case 1 , we obtain: 

*

1 2 1
11 1

1 1
* *

1
1 2 1

( )(1 )cos'( ) 2arg( ( ) ) tan
( )(1 )( ) ( ) 2

2( )(1 ) ( )(1 )sin
(1 ) 2

d
d

pp q c
c

c tz z
z

z c c t




   

 


 



 
   

     
           
 

 

 

12


   

and 
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*

1 2 1
12 2

2 2
* *

2
1 2 1

( )(1 )cos'( ) 2arg( ( ) ) tan
( )(1 )( ) ( ) 2

2( )(1 ) ( )(1 )sin
(1 ) 2

d
d

pp q c
c

c tz z
z

z c c t




   

 


 



 
   

    
           
 

22


  

Where we have used inequality (2.3), and 
1 1
,  ,  

1t  are given by (2.15) , (2.16) and 

(2.17) , respectively . 

Similarly , for the case 1   , we obtain  

1 1

1 1

1

'( )
arg( ( ) )

( ) ( ) 2

d
d

p q c

z z
z

z



    
  

 

and 

2 2

2 2

2

'( )
arg( ( ) )

( ) ( ) 2

d
d

p q c

z z
z

z



   
  

 

These are contradiction to the assumption of theorem (1) , this completes the proof of 

theorem (1) . 

 

Corollary2. Let ( ) ( , )f z p n  ,  if  

1

1

( ( )) '
arg( ) <

2( )

p

p

z f z

g z

I

I






 




  

Then 

( ( )) '
arg( ) <

2( )

p

p

z f z

g z

I

I






   

where 

1

1, 11

1, ,0
( ) ( )

1
( )
1

p k

p p k
k p n

f z f z
p

J aI z z
k










 

  





                            (2.22) 

Proof: 

  In theorem (1) , if we take 1, 1, 0m c    , 
1 2     and 1 2     

1

1, 11

1, ,0
( ) ( )

1
( )
1

p k

p p k
k p n

f z f z
p

J aI z z
k










 

  





 

then 

1

1

( ( )) '
arg( )

2( )

p

p

z f z

g z

I

I






 




   

and 

( ( )) '
arg( )

2( )

p

p

z f z

g z

I

I






    

 

Theorem 2. Let ( ) ( , )f z p n and 
1 2

0 , 1,0 1     , if  
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,

, ,

,1 2

, ,

( ( )) '
< arg( ) <

2 2( )

m

c p

m

c p

z f z

g z

J

J









 
    

 

for some 
,

, ,
( ) ( , , )

m

c p
g z S




   , then 

,

, ,

,1 2

, ,

( ( )) '
arg( )

2 2( )

m

c p

m

c p

z f z

g z

J L

J L









 
     , 

 where ( )fL 
 is defined by (2.8),  

1 2,  1 2(0 , 1)    is the solutions of the equations 

*

1 2 2
1

1
* *

1
1 2 2

1

1( )(1 )cos
2 2tan (

( )(1 )
2( )(1 ) ( )(1 )sin

1 2
1

for

p

for

c t

c c t



   

 


  





                
 
    

       (2.23) 

and 

*

1 2 2
1

2
* *

2
1 2 2

2

1( )(1 )cos
2 2tan (

( )(1 )
2( )(1 ) ( )(1 )sin

1 2
1

for

p

for

c t

c c t



   

 


  





                
 
    

   (2.24) 

where *C  is given by (2.3) and  

1

22

2 ( )( )
sin ( )

( )(1 ) ( )(1 )

p

p
t



   

  


    
                         (2.25) 

 

Proof: 

Let  

,

, ,

,

, ,

( ( )) '1
( ) ( )

( )

m

c p

m

c p

z f z
d z

p g z

J L

J L












 


, 

since 
,

, ,
( ) ( , , )

m

c p
g z S




   , then  by corollary (1), 

,

, ,
( ) ( , , )

m

c p
g SL



 
   , then 

, ,

, , , ,
[( ) ( ) ] ( ( )) ( ( ( )))'

m m

c p c p
p d z g z z f zJ JL L

 

  
     

From proposition (2)  

, , ,

, , , , , ,
( ( ))' ( 1) ( ) ( )

m m m

c p c p c p
z f z f z f zJ J JL L

  

   
     

, , ,

, , , , , ,
(( ) )( ( )) ( 1) ( ) ( )

m m m

c p c p c p
p d g z f z f zJ J JL L

  

   
         

Differentiating both sides with respect to z  

, ,, ,

, , , , , , , ,
(( ) )( ( )) ' ( ) '( ) ( ) ( 1) ( )) ' ( )) '( (

m mm m

c p c p c p c p
p d g z p d z g z f z f zJ JJ JL L L

  

     
            

 Dividing both sides by 
,

, ,
( ( ))

m

c p
g zJ L




 and multiply both sides by z , then 
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, ,
,

, , , , , ,

, , ,

, , , , , ,

( )) ' ( )) '( ( )) '
(( ) ) ( ) '( ) ( 1)

( ) ( ) ( )

( (
m m

m

c p c p c p

m m m

c p c p c p

f z f zg z
z p d p zd z z z

g z g z g z

J J LJ L

J J JL L L

 


  

  

    

            

Let  

,

, ,

,

, ,

( ( )) '1
( )

( )

m

c p

m

c p

z g z
q z

p g z

J L

J L












 
  

  
 

 

Then 

,

, ,

,

, ,

( )) '
(( ) )( ( ) ) ( ) '( ) ( 1)

( )

(
m

c p

m

c p

f z
p d q p p zd z z

g z

J

J L









                

Now dividing both sides by ( )p   

,

, ,

,

, ,

( )) '( 1)
( )( ( ) ) '( )

( ) ( ) ( )

(
m

c p

m

c p

f zz
d q p zd z

p p g z

J

J L









 
  

 


     

 
 

Dividing both sides by ( ( ) )q p        

,

, ,

,

, ,

( )) ''( ) 1
( ) [ ]

( ( ) ) ( ) ( )

( 1)(

( ( ) )

m

c p

m

c p

f zzd z
d z

q p p g z

z J

q p J L










   



  
  

   



  
 

,

, ,

,

, ,

( )) ''( ) 1
( ) [ ]

( ( ) ) ( ) ( )

(
m

c p

m

c p

f zzd z
d z

q p p g z

z J

J










   

  
   

 

Then from (2.20) and (2.21) , we obtain 

2( )
i

p q e


        

 where  

2 2

( )(1 ) ( )(1 )
< <

(1 ) (1 )

< < 1

p p

fort t

 
    



     
      

    

 

where 2t  is given by (2.25), and 

( )(1 )
< <

2

1 < < 1 1

p

for


  



 
   

 
     

 

Here, we note that ( )d z  is analytic in U with d(0) =1 in U,  by applying the 

assumption and lemma (2) with 
1

w(z) =
( )p q    

 

Hence ( ) 0d z  in U. If there exist two points 1 2, Uz z  , such that the condition (2.1) 

is satisfied then ( by lemma 3) , we obtain (2.2) under the restriction(2.3). 

At first, for the case 1    
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*

1 2 2
11 1

1 1
* *

1
1 2 2

( )(1 )cos'( ) 2arg( ( ) ) tan
( )(1 )( ) ( ) 2

2( )(1 ) ( )(1 )sin
(1 ) 2

d
d

pp q

c tz z
z

z c c t




     

 


 



 
   

     
           
 

 

12


   

 and 

*

1 2 2
12 2

2 2
* *

2
1 2 2

( )(1 )cos'( ) 2arg( ( ) ) tan
( )(1 )( ) ( ) 2

2( )(1 ) ( )(1 )sin
(1 ) 2

d
d

pp q

c tz z
z

z c c t




     

 


 



 
   

    
           
 

 

22


  

Where we have used the inequality (2.3), and 
1 1
,  , 2t  are given by (2.15),(2.16)  

and (2.25) , respectively.  

Similarly , for the case 1    , we obtain 

1 1

1 1

1

'( )
arg( ( ) )

( ) ( ) 2

d
d

p q

z z
z

z



     
  

 

and  

2 2

2 2

2

'( )
arg( ( ) )

( ) ( ) 2

d
d

p q

z z
z

z



    
  

 

These are contradiction to the assumption of theorem (2) . 

This completes the proof of theorem (2). 

 

Corollary3.  Let ( ) ( , )f z p n and 0 1, 0 1     .If  

,

, ,

,

, ,

( ( )) '
arg( ) <

2( )

m

c p

m

c p

z f z

g z

J

J










   

For some
,

, ,
( ) ( , , )

m

c p
g z S




     

Then 

 

,

, ,

,

, ,

( ( )) '
arg( )

2( )

m

c p

m

c p

z f z

g z

J L

J L










    

 where ( )fL 
 is defined by (2.8), and (0 1)   is the solution of the equation  
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2
1

2

1cos
2 2tan (

( )(1 )
( ) sin

1 2
1

for

p

for

t

t





     





    
 

 
      

 
    

 

 

where 2t  is given by (2.25) 

 

Proof: 

Take 
1 2     and 

1 2     in theorem(2) 

,

, ,

,

, ,

( ( )) '
arg( ) <

2( )

m

c p

m

c p

z f z

g z

J

J










   

, for some 
,

, ,
( ) ( , , )

m

c p
g z S




   , then 

,

, ,

,

, ,

( ( )) '
arg( )

2( )

m

c p

m

c p

z f z

g z

J L

J L










    

where  

2
1

2

1cos
2 2tan (

( )(1 )
( ) sin

1 2
1

for

p

for

t

t





     





    
 

 
      

 
    
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